
Friedman et al  |  http://dx.doi.org/10.5942/jawwa.2014.106.0024 
Peer-Reviewed

E253

2014 © American Water Works AssociationJOURNAL AWWA MAY 2014   |   106:5

Demand management initiatives have increased in popularity 
from the early 1990s to present, with 23 states now having legisla-
tive mandates for some form of demand management as opposed 
to just nine states in 1990 (Rashid et al, 2010). This movement was 
stimulated by the Energy Policy Act of 1992, which enacted uni-
form water efficiency standards for toilets, showerheads, faucets, 
and urinals installed after 1994 (USEPA, 1992). However, demand 
management efforts remain largely qualitative in nature and often 
use simple average savings rates to measure effectiveness, which 
does not capture the variability among customers’ water use pat-
terns (Green & Maddaus, 2010; Rosenberg, 2007; Maddaus & 
Maddaus, 2006; White et al, 2004).

Demand management strategies have primarily focused on 
reduction of indoor residential water use as a result of legislative 
initiatives such as the Energy Policy Act of 1992 as well as the 
relative importance and predictable nature of residential indoor 
water use. The focus of demand management is now shifting 
away from indoor fixture retrofits because of observed declines 
in residential per capita use as a result of the rate at which water-
saving technologies have been adopted (DeOreo & Mayer, 2012). 
Single-family outdoor use, on the other hand, is increasing rapidly 
because of the recent prevalence of in-ground potable irrigation 
systems (Friedman et al, 2013; Palenchar 2009). Single-family 
residential (SFR) outdoor water use can account for the majority 
of total and peak SFR use, especially during drier months in 
warmer climates (Haley & Dukes 2010; Palenchar, 2009; Mayer 
et al, 1999). Irrigation accounts for nearly one third of all resi-

dential water use in the United States, and this percentage 
increases in warmer climates (Vickers, 2001; Mayer et al, 1999). 
Additionally irrigation tends to be the single most significant 
driver of peak seasonal demand in public water supply (Whit-
comb, 2006; Chesnutt et al, 2004; Marella, 2004; Mays, 2002; 
Vickers, 2001; Mayer et al, 1999; Dziegielewski et al, 1992).

The need to better understand urban water demand, particularly 
residential irrigation, and the associated effects of demand manage-
ment have generated further interest in the past several years in an 
effort to improve water quality modeling, water supply planning, 
and water distribution system sizing. Reducing irrigation can have 
a major effect on both peak and average design flow conditions. 
Additionally, recent initiatives focused on incorporating demand 
management in a broader context beyond reduced water supply 
needs—such as reduced energy use—are further requiring better 
quantification of demands with higher resolution. A recent report 
by the Water Research Foundation includes demand management 
as a best practice in water treatment, storage, and transmission 
energy efficiency, which recognizes that reduced demands may 
result in reduced treatment and distribution needs, thus saving 
energy inputs (Leiby & Burke, 2011).

This article proposes alternative, bottom-up approaches toward 
evaluating and managing SFR potable irrigation demand manage-
ment. This is possible because of the availability of a Florida 
statewide parcel-level urban water demand database containing 
property appraisal data for 8.8 million parcels. Additional bench-
mark utilities, such as Gainesville Regional Utilities (GRU), allow 
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for direct evaluation of customer water use data linked with 
detailed property attributes, which includes irrigable area.

The next section describes the general expression for determin-
ing potable irrigation and associated water savings from demand 
management for a given residence. A nonparametric, data-driven 
approach can be used given a sufficient sample of irrigators as is 
the case for GRU. Parametric models are derived from benchmark 
parcel-level datasets for evaluation of other utilities for which 
direct measurements are unavailable. Probability distributions 
are defined for key uncertain irrigable area and application rate 
parameters based on a sample of 16,303 SFR customers in GRU 
who irrigate from the potable system. Finally, performance func-
tions describing demand management potential for potable irriga-
tion can be derived directly from estimated distributions. This 
framework can be generalized to apply to any urban water sector.

PROBABILISTIC WATER SAVINGS OF SINGLE-FAMILY 
IRRIGATION DEMAND MANAGEMENT

The volume of water saved for a specific demand management 
implementation for a given customer per unit of time can be 
expressed as the difference between existing water use rate and 
conserving water use rate multiplied by the size of the implemen-
tation (Rosenberg, 2007). With the use of this framework, the 
generalized water savings specific to demand management strat-
egies aimed to reduce single-family irrigation application rates 
can be expressed as Eq 1:

  Qsaved = c × (X1Y1 – X2 Y2) (1)

in which Qsaved = volume of water saved from a single demand 
management implementation to reduce irrigation application 
rate for a given customer per unit of time; X1 = current irri-
gable area (size) of a given customer’s residence that irrigates 
from the potable system; X2 = irrigable area (size) of a given 
customer’s residence that irrigates from the potable system after 
implementation of demand management strategy; Y1 = current 
irrigation application rate of a given customer that irrigates 
from the potable system; Y2 = water conserving application rate 
after implementation of demand management strategy; c = unit 
conversion factor.

An important feature of this framework is that the sample 
space to be considered only consists of known single-family 
residences that irrigate from the potable system. This is necessary 
because including the set of customers who do not irrigate from 
the potable system (i.e., X1 or Y1= 0) would skew the distribution 
of actual application rates. The prevalence of potable irrigators 
varies by utility and is of critical importance to determine accu-
rately. In contrast, indoor retrofit programs focusing on domestic 
household uses potentially apply to all residential customers.

Typically water conserving usage rates can be modeled with 
certainty because the utility has direct control over this variable. 
For indoor fixture replacements, this can relate to a high-effi-
ciency toilet (e.g., 1.28 gpf). For outdoor controls, the water-
conserving application rate can be specified with an irrigation 
control device such as a soil moisture sensor or can simply be 
zero or a small positive value in the case of switching customers 

to an alternative irrigation source. It is also possible to construct 
a program that reduces irrigable area while holding the applica-
tion rate constant (e.g., turf buyback program). Typically, an 
individual best management practice (BMP) will either affect the 
application rate or the irrigable area but not both simultaneously. 
For the simplified case in which a BMP only affects the applica-
tion rate while holding the irrigable area constant, the water 
savings function can be reduced to Eq 2: 

        Qsaved = c × X × Y (2)

in which X = unaffected existing irrigable area; Y = savings from 
switching from an existing to a water-conserving irrigation appli-
cation rate = (Y1 – y2

); y2 = fixed-target water-savings application 
rate. The illustrative examples presented in this article analyze 
this scenario. BMPs targeting an irrigable area exclusively can be 
handled in an analogous manor.

The formulation in Eq 2 provides a standardized framework 
that can be applied to any utility to evaluate demand management 
effectiveness for any BMP aimed at reducing irrigation applica-
tion rates to a specified target level. Four inputs are required: the 
existing irrigable-area probability density function (pdf), the 
existing application rate pdf, the correlation coefficient between 
irrigable area and application rate, and a specified target-appli-
cation rate resulting from implementation of a specified irrigation 
BMP (refer to Montgomery et al, 2011, for background on prob-
ability theory). Many potential BMPs to control irrigation appli-
cation rates can be evaluated, including many types of irrigation 
controllers such as soil moisture sensors, irrigation audits, and 
switching customers to nonpotable irrigation. Selection of an 
appropriate target application rate for a given BMP depends on 
several factors, including climatic and demographic, and is there-
fore utility specific. Friedman et al (2013) describe detailed 
methods for selecting appropriate target water-conserving appli-
cation rates applied to specific irrigation BMPs, including soil 
moisture sensors, irrigation audits, and switching customers to 
nonpotable irrigation. For the purposes of this article, a target 
irrigation rate of y2 = 1 in./year is used as an example of a selected 
target application rate aimed at evaluating the effectiveness of 
switching customers to nonpotable irrigation. The methodologies 
presented in this article can easily be extended for any desired 
target application rate for a given BMP.

The existing irrigable area and application rate pdfs and asso-
ciated correlation coefficient can be determined either directly by 
using nonparametric techniques if direct data are available or by 
using parametric probability distributions if direct data are 
unavailable. In an ideal case, direct measurements of irrigable 
area and current outdoor water use are available for every cus-
tomer within a utility. With this data, as well as the anticipated 
irrigable area and application rate post demand management, 
water savings can be defined directly using nonparametric 
approaches. As part of developing a goal-based water demand 
management model called EZ Guide, parcel-level data have been 
collected for every parcel in Florida (www.conservefloridawater.
org). Thus it is possible to estimate the irrigable area accurately 
for any Florida utility. The more challenging problem is to esti-

http://www.conservefloridawater.org
http://www.conservefloridawater.org
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mate the annual application rates that require the use of customer 
billing data that are not generally available in a form that is linked 
to the parcels. Therefore, benchmark utilities such as GRU have 
been analyzed when direct measurements of water use are avail-
able. The GRU database consists of directly measured irrigable 
areas for 16,303 single-family residences that irrigate from the 
potable system. The analysis of this database is described in 
greater detail in the following section. 

If such a database is not directly available for a given utility, 
alternative parametric approaches can be used to estimate water 
savings. Six alternative parametric formulations have been evalu-
ated and the strengths and weaknesses of each method assessed. 
One approach is to perform a Monte Carlo simulation of water 
savings using appropriate input pdfs and associated parameter 
estimates for irrigable area per residence, existing application rate 
per residence, and associated correlation coefficient as follows.

(1) Generate random samples for each input distribution and 
determine water saved according to Eq 2.

(2) Repeat step 1 for a large number of random samples.
(3) Determine the probability of discrete water-savings ranges 

as the fraction of samples in the given range divided by bin size.
(4) Develop the cumulative water-savings production function 

with the x-axis being the cumulative percentage of accounts tar-
geted and the y-axis being the cumulative water savings as a 
percentage of the maximum savings.

An alternative approach is to use a jointly distributed random 
variable that defines the probability of a given customer having 
a specified water savings as follows.

(1) Define a discrete pdf, f(X,Y), to be the probability of a 
customer having a given water savings from a demand manage-
ment implementation (i.e., the joint probability of a customer 
having both irrigable area X = x and reduction in application 
rate Y = y)

 (2) Use this discrete joint pdf to determine the expected value 
of total water savings for each discrete range of possible irrigable 
area and application rate savings as shown by Eq 3,

      q xy = c × x × y × p(x,y) (3)

in which q xy = expected water savings for all customers with 
specified discrete values of irrigable area (x) and irrigation 
application rate savings (y), p(x,y) = joint probability of a 
customer having both irrigable area X = x and reduction in 
application rate Y = y.

(3) Sort each discrete range by descending water-savings rate 
and develop the cumulative water-savings performance function, 
with the x-axis being the cumulative percent accounts targeted 
and the y axis being the cumulative water savings expressed as a 
percentage of the maximum savings.

Nonparametric methods as well as Monte Carlo simulation 
and joint probability distribution approaches to determine cumu-
lative distributions of water savings from SFR irrigation demand 
management strategies are discussed in the following sections 
using the GRU benchmark dataset to demonstrate methodologies 
for a representative target application rate of 1 in./year.

DATA-DRIVEN NONPARAMETRIC APPROACH FOR ANALYZING 
SINGLE-FAMILY POTABLE IRRIGATION

The University of Florida urban water systems group has devel-
oped a high-quality database for analyzing customer demand in 
urban water systems at the parcel level in Florida. This database 
contains property appraisal land-use information for all 8.8 mil-
lion parcels in Florida from the Florida Department of Revenue 
(FDOR) tax assessor’s database that is linked to US Census Block 
demographic data. The GRU dataset represents a benchmark 
utility allowing for enhanced analysis (beyond that of data avail-
able statewide) by the addition of one year of monthly billing data 
from October 2007 to September 2008 linked to the Alachua 
County Property Appraiser (ACPA) database, which provides 
direct measurements of irrigable area. (For details regarding the 
contents and processing of these databases refer to Friedman et 
al, 2013, 2011; Morales et al, 2013, 2011). With the increasing 
availability of property appraisal databases and advances in 
database and geographic information system technology, this 
data-driven approach can be used elsewhere because the required 
model inputs are becoming more prevalent.

With such a benchmark database, irrigable area can be deter-
mined directly for all 30,903 SFR homes in GRU using FDOR 
and ACPA data on parcel area and impervious area. Customer 
billing data for GRU are used to estimate total outdoor water use 
per home for 30,903 homes. For 1,402 homes with separate 
potable indoor and outdoor meters, potable irrigation water use 
is known directly. Otherwise, outdoor water use is determined by 
subtracting estimated indoor use from total metered use (Fried-
man et al, 2013, 2011). With annual outdoor water use (qi) and 
irrigable area (x1,i), the annual application rate (y1,i) is

         
y1,i  c ×

 
qi


x1,i  (4)

in which qi = current average annual outdoor water use for house-
hold i; y1,i = current annual application rate for household i; x1,i = 
current irrigable area for household i.

Not all customers served by a utility irrigate from the potable 
system. Using known application rates for all customers, a 
potable irrigator is defined as a customer whose application rate 
is ≥ 1 in./year. All other customers are nonpotable irrigators and/
or customers who do not irrigate, thus defining the sample space 
of all potable irrigators in the system. A lower-bound irrigation 
application rate of 1 in./year is used because many customers 
have positive, but very small, application rates. Similarly, the few 
customers with application rates of more than 100 in./year are 
treated as outliers. 

Analogously, minimum and maximum bounds were placed 
on the irrigable area of 1,000 sq ft and 10,000 sq ft, respec-
tively. These filters removed 7% of total customer population 
and 18% of total irrigable area. Using these criteria, it was 
determined that a total of 16,303 out of 30,903 (53%) of GRU 
customers are potable irrigators. A detailed analysis of these 
potable irrigators in GRU is discussed subsequently.

In addition to potable irrigators, some SFR customers in GRU 
have private irrigation wells. The identity of these customers is 



Friedman et al  |  http://dx.doi.org/10.5942/jawwa.2014.106.0024 
Peer-Reviewed

E256

2014 © American Water Works AssociationJOURNAL AWWA MAY 2014   |   106:5

unknown, and this use is not metered. Other SFR customers in 
GRU rely on reuse water for irrigation. About 700 of these cus-
tomers have reuse meters. These nonpotable irrigators are not 
addressed in this article.

JOINT NONPARAMETRIC PROBABILITY DENSITY FUNCTION 
OF GRU OUTDOOR WATER USE SAVINGS

For the nonparametric data-driven approach, water savings for 
each individual household from a specified outdoor BMP with 
target irrigation application rate and irrigable area are calculated 
directly from Eq 5:

     qsaved,i = c × (x1,iy1,i – x2,iy2,i) (5)

in which qsaved,i = outdoor water use savings for household i; c = 
unit conversion coefficient; y1,i = current application rate for 
household i; x1,i = current irrigable area for household i; y2,i = 
water-conserving application rate after implementation of 
demand management strategy; x2,i = reduced irrigable area (size) 
of a given potable irrigator’s residence after implementation of 
demand management strategy.

If a BMP only affects the application rate while holding the 
irrigable area constant, the calculation of water savings is reduced 
to Eq 6.

     qsaved,i = c × x1,i(y1,i – y2,i) (6)

With calculated water savings for a sufficient sample of potable 
irrigators, the cumulative nonparametric water savings distribu-
tion can be determined by Eq 7 (Kvam & Vidakovic 2007):

    F̂ (qsaved)  
#qsaved,i  qsaved


n
 , qsaved  0 (7)

in which  F (qsaved) = sample cumulative distribution function (cdf) 
of outdoor water savings; 

 
#qsaved,i  qsaved = the number of data 

points less than or equal to a given value of qsaved; and n = num-
ber of data points.

The pdf and nonparametric cdf of total outdoor water use sav-
ings for all 16,303 GRU irrigators are shown in Figure 1, in which 
y2 = 1 (i.e., switch customers to nonpotable irrigation) and irri-
gable area remains constant. The mean outdoor use savings for 
GRU irrigators is 221 gal/account/d with a standard deviation 
(SD) of 222 gal/account/d using this criterion. By definition, the 
sample nonparametric cdf,  F (qsaved), is a step function that 
becomes a more accurate indicator of the true underlying con-
tinuous distribution F(qsaved) with increasing sample size as the 
approximation becomes smoother. The nonparametric cdf shown 
in Figure 1 is very smooth as it contains a near 100% sample size 
for GRU irrigators. This cdf can be approximated by a lognormal 
cumulative distribution function based on the Kolmogorov-
Smirnoff (K-S) criterion (Kvam & Vidakovic 2007). 

It is unnecessary to obtain a near 100% sample of irrigators to 
provide a representative water-savings distribution. Hypothesis 
testing of a random 1% sample of irrigators (n = 163) with mean 
savings of 228 gal/account/d and an SD of 194 gal/account/d in 

comparison with the large sample statistics (n = 16,303) yielded 
a p value of 0.618 (test statistic t = 0.50, df = 166), which would 
fail to reject the null hypothesis that the sample comes from the 
population at 99% confidence. Similarly, a Rank Sum Test used 
to assess whether the sample cdfs are statistically equivalent (not 
shifted) resulted in a p value of 0.208 (test statistic = 1,390,740), 
which fails to reject the null hypothesis that the distributions are 
statistically equivalent (not shifted) at 99% confidence.

PARAMETRIC METHODS FOR EVALUATING OUTDOOR WATER 
USE SAVINGS

The previous section provided a nonparametric framework to 
evaluate water savings from outdoor water use BMPs based on 
direct evaluation of rate and size input distributions. An alterna-
tive approach is to use continuous pdfs and associated parameter 
estimates to approximate key input distributions, which can then 
be used to estimate the output water savings cdf and associated 
production function. 

The validity of parametric approaches relies on three elements:
(1) goodness of fit of irrigable area marginal pdf fx(x) to appro-

priate continuous pdf,
(2) goodness of fit of application rate savings marginal pdf fy(y) 

to appropriate continuous pdf, and
(3) accurately accounting for correlation between inputs.
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FIGURE 1 Total outdoor water use savings relative

 and cumulative frequency distributions

 for 16,303 GRU SFR irrigators reducing application

 to 1 in./year

cdf—cumulative distribution function, GRU—Gainesville (Fla.) Regional 
Utilities, pdf—probability density function, SD—standard deviation, 
SFR—single-family residential

Mean = 221 gal/account/d, SD = 222 gal/account/d.

Fits were done using @Risk (Palisade Corp., 2012).
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Best-fit marginal distributions for GRU irrigators are shown in 
the next section followed by determination of an appropriate 
correlation coefficient. Exponential and lognormal distributions 
were considered as candidate fitted distributions by visual inspec-
tion as well as the relatively straightforward analytical interpreta-
tion of these distributions. Both Monte Carlo simulation and 
bivariate pdf techniques are then used to estimate output water 
savings given different input assumptions.

Irrigable area distribution for GRU. Recall that an irrigator is 
defined as a customer who applies at least 1 in./year of water to 
his or her irrigable area. Based on the parcel-level irrigable area 
methodology described previously, the relative frequency histo-
gram of irrigable area for the 16,303 GRU SFR potable irrigators 
is shown in Figure 2. Their mean irrigable area is 12,310 sq ft, 
with an SD of 11,300 sq ft. This pdf can be approximated by a 
lognormal distribution, based on the K-S criterion.

Annual irrigation application rate distribution for GRU. The annual 
application rate for each irrigating parcel in GRU was directly 
calculated knowing the total water use and the estimated indoor 
water use as well as the irrigable area for a given home. The 
relative frequency histogram of irrigation application rate for the 
16,303 GRU SFR potable irrigators is shown in Figure 3. This 
pdf can be approximated by an exponential distribution with a 
mean of 14.24 in./year, based on the K-S criterion. The lognormal 
approximation of this pdf has a mean application rate of 14.24 
in./year with an SD of 14.60 in./year. These results are consistent 
with similar studies (Dukes, 2010: approximate n = 8,600; Mayer 
& DeOreo, 2010, and Mayer et al, 2009: n = 2,294).

Correlation. Correlation must be accounted for when using para-
metric approaches because not all customers are affected equally 
by a given BMP. The joint frequency probability mass function of 
GRU irrigators, shown in Figure 4, shows a nonlinear negative cor-
relation between irrigable area and application rate, indicating that 
homes with smaller irrigable areas tend to irrigate at higher rates.

Spearman’s rank order correlation was used instead of Pear-
son’s correlation coefficient to account for the nonlinear correla-
tion, which can be calculated using the following equation (Kvam 
& Vidakovic, 2007).

           
  1 –

 
6di

2


n2 (n – 1)  

(8)

in which di = xi – yi; n = sample size; and  = Spearman’s rank order 
correlation coefficient. The resulting correlation coefficient between 
irrigable area and application rate for GRU irrigators is  = –0.38.

Given input distributions and parameter estimates for irrigable 
area (X1) and current application rate (Y1) as well as the correlation 
coefficient , water savings (Qsaved) from an outdoor BMP with a 
target water-conserving application rate, y2 can be determined using 
Eq 2, by a simple linear translation of parameter estimates. Given 
a known mean existing application rate and constant water-savings 
target application rate, the expectation of this linear combination 
is known, as shown in Eq 9. Analogous equations can be used if 
analyzing BMPs that solely target irrigable area.

  E(Y) = E (Y1 – y2) = E(Y1) – y2 (9)

FIGURE 2 Relative and cumulative frequency irrigable area

 distribution for 16,303 GRU SFR irrigators

cdf—cumulative distribution function, GRU—Gainesville (Fla.) Regional 
Utilities, pdf—probability density function, SD—standard deviation

Mean = 12,310 sq ft, SD = 11,300 sq ft, with irrigable areas of < 100,000 
sq ft and > 1,000 sq ft.
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FIGURE 3 Relative application rate and cumulative frequency

 distributions for 16,303 GRU SFR customers who apply 

 at least 1 in./year of irrigation water

cdf—cumulative distribution function, GRU—Gainesville (Fla.) Regional 
Utilities, pdf—probability density function, SD—standard deviation, 
SFR—single-family residential

Mean = 14.24 in./year, SD = 14.60 in./year
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FIGURE 4 Comparison of water savings output distribution for GRU irrigators reducing application rate to y2 = 1 in./year; nonparametric (A), bivariate 

 exponential (B), bivariate lognormal (C), and Monte Carlo simulation with X ~lognormal, Y ~exponential (D)

cdf—cumulative distribution function, GRU—Gainesville (Fla.) Regional Utilities, pdf—probability density function, y2—fixed-target water-savings application 
rate, X—irrigable area, Y—application rate
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in which E(Y), E(Y1 – y2) = expected value of application rate 
savings; E(Y1) = expected value of existing application rate dis-
tribution; and y2 = constant water-savings target application rate.
The variance of this linear combination is

     Var (Y1 – y2) = Var (Y1) (10)

The following section shows six parametric approaches based 
on the assumption that each of the two input distributions is 
either exponential or lognormal. Four Monte Carlo simulations 
were performed for each combination of possible input distribu-
tions. Two analytical approximations are later shown for the case 
in which both marginal pdfs are exponential or lognormal, 
respectively. These alternative methods are then compared with 
the nonparametric approach to evaluate accuracy and water-
saving performance functions.

Monte Carlo simulation. Monte Carlo simulation with @Risk 
(Palisade Corp., 2012) was used to estimate the pdf and cdf of 
outdoor water use savings as the product of the pdfs of irrigable 
area and application rate as previously defined. The Monte Carlo 
simulation also included the negative correlation ( = –0.38). The 
Monte Carlo simulations performed here calculated the outdoor 
water use savings using Eq 2, assuming an outdoor BMP with a 
target application of y2 = 1 in./year based on taking 1,000 sam-
ples. For each iteration, a sample value of application rate is 
selected from a predefined distribution. Then a sample value of 
irrigable area is selected from a predefined distribution that 
accounts for the correlation. The resulting outdoor water use 
savings pdf and cdf—using respective lognormal irrigable area 
and exponential application-rate savings distributions—are 
shown in Figure 4. Exponential and lognormal fits to output 
water savings are also shown in Figure 4, with lognormal being 
the best fit based on the K-S criterion. Water savings cdfs from 
the other three Monte Carlo simulation scenarios (X ~exponen-
tial, Y ~lognormal; X ~lognormal, Y ~lognormal; X ~exponential, 
Y ~exponential) are shown in Figure 5.

Bivariate exponential. A continuous joint density function f(X, 
Y) can be defined as the probability of a customer having a given 
water savings from a demand management implementation to 
reduce the irrigation application rate (i.e., the joint probability of 
a customer having both irrigable area X = x and reduction in 
application rate Y = y). The validity of using a bivariate joint 
distribution was tested to see whether an analytic formulation for 
the joint frequency distribution in Figure 4 could be obtained. On 
the basis of the validity of using exponential marginal distribu-
tions shown previously as well as the general shape of the joint 
pdf, the bivariate exponential distribution was tested as a repre-
sentative distribution. Balakrishnan and Lai (2009) provide a 
literature review of the wide range of formulations and applica-
tions for bivariate exponential distributions. A primary use has 
been in the modeling of correlated failure times of components in 
electrical and mechanical systems (Balakrishnan & Lai, 2009). 
Many forms of bivariate exponential distributions exist that oper-
ate for different ranges of the correlation coefficient, although 
only the Gumbel type 1 (–0.40365 ≤  ≤0) and Gumbel type 2 
(–0.25 ≤  ≤ 0.25) allow for negative correlation. Singh et al 

(2007) give these distributions with applications to hydrologic 
design. The Gumbel type 1 distribution was applied to a storage 
(mean soil depth)–translation model to predict rainfall–runoff 
relationships for several experimental basins (Moore & Clark, 
1981). This distribution was selected because the observed cor-
relation between storage and translation was –0.37. Coefficient 
of determination (R2) values ranged from 0.57 to 0.88 for the 
various test basins when compared with measured runoff. Like-
wise, the Gumbel type 1 was used in this application because of 
its allowable correlation coefficient range.

The Gumbel type 1 bivariate exponential pdf applied to the 
demand management of potable irrigation is shown as Eq 11 
(Gumbel, 1960).

f(x,y) = (sxsy)
–1 {(1 + x/sx)(1 + y/sy) – } × exp (– x/sx  

       – y/sy – xy/sxsy) (11)

in which f(x,y) = joint density function of outdoor water savings 
per customer; sx = SD of irrigable area; sy = SD of application 
rate savings; and   = parameter related to correlation coefficient.

The correlation coefficient, , decreases from zero when  

tends to zero to –0.40365 when   = 1. The approximate rela-
tionship can be used to determine an appropriate value of  given 
the known correlation coefficient . Alternate analytical approx-
imations are also provided in Gumbel (1960), Moore and Clark 
(1981), and Singh et al (2007). In the current study  = –0.38, 
so    = 0.85.

The parameters used to determine the bivariate exponential 
distribution representing the probability of an SFR having a given 
total outdoor water usage for GRU are shown in Table 1. The 
SDs, derived previously, are shown in Figures 2 and 3. A value of 
0.85 was used for  given an observed correlation coefficient of 
–0.38. The resulting distribution is shown in Figure 4. The coef-
ficient of determination for the overall model was R2 = 0.5236.

Bivariate lognormal. The bivariate lognormal pdf applied to the 
demand management of potable irrigation is shown as Eq 12 
(Tung et al, 2006). This assumes both input marginal distribu-
tions are lognormal.

 f (x,y)  

1

2xysln x s ln y 1 – 2)  × exp   – 1


)2 (1 – 2  

              ×  
ln(x) – µln x


sln x 
2 

– 2  
ln(x) – µln x


sln x  (12) 

                  
ln(y) – µln y

sln y   

ln(y) – µln y

s ln y 

2


in which sln x = SD of the log transform of x, sln y = SD of the 
log transform of y, µln x = mean of the log transform of x, µln y = 
mean of the log transform of y, and  = correlation coefficient of 
ln x and ln y. The parameters used to determine the bivariate 
lognormal distribution representing the probability of an SFR 
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having a given total outdoor water usage for GRU are shown in 
Table 2. These parameter estimates are based on empirical data 
from GRU irrigators shown previously. The resulting distribution 
is shown in Figure 4. The coefficient of determination for the 
overall model was R2 = 0.8605.

COMPARISON OF METHODS USED TO DETERMINE OUTDOOR 
WATER-SAVINGS DISTRIBUTION

From the results shown in the previous sections, it is straight-
forward to generate a cdf of water savings from an outdoor BMP 
for the generalized case using either a nonparametric approach, 
a Monte Carlo simulation with assumed input distributions, or 
bivariate exponential or bivariate lognormal pdfs. For the exam-
ple in which a BMP reduces the application rate to a target of y2 
= 1 in./year while holding irrigable area constant, all seven meth-
ods yield similar water-savings cdfs as shown in Figure 5. These 
methods can be applied easily to any BMP aimed at reducing 
irrigation application rates such as irrigation control devices and 
irrigation audits given specified target application rates based on 
local conditions (Friedman et al, 2013).

To use the nonparametric approach requires a sufficient data-
set of potable irrigators, but it is the most accurate and straight-
forward approach because water savings are simply calculated 
directly for each irrigator. However, this cannot be easily com-
pared with results from other studies because it is nonparametric. 
If direct data are not available, the four Monte Carlo simulation 

options are the next best choice except for the X ~exponential, 
Y ~lognormal approximation, which had the worst fit of the four 
options. Finally, the bivariate analytical options require the 
analyst to input parameter estimates into a single, more compli-
cated equation to get the answer, which is less accurate but still 
an excellent approximation in this case. Thus this article presents 
a general concept that allows the results from a benchmark case 
study to be extended to other areas with a parsimonious 
approach that only requires the user to input a few parameters. 
Required inputs for the six parametric approaches are parameter 
estimates of mean and/or SDs of application rate and irrigable 
area along with desired target conservation application rates for 
a given BMP as well as the correlation coefficient between irri-
gable area and application rate. Estimates of input parameters 
derived from the GRU database can be used in the general case 
if direct data are unavailable.

DETERMINATION OF WATER-SAVINGS PRODUCTION 
FUNCTION

The final step in analyzing the physical effectiveness of an 
SFR outdoor BMP is to develop a production function of cumu-
lative water savings as a function of the number of accounts 
targeted. This procedure allows single-family outdoor demand 
management options to be compared directly with other supply 
augmentation options when determining the optimal blend 
(Friedman et al, 2011). 

The cumulative water-savings production function can be 
obtained based on a previously defined probability distribution 
of water savings from a specified SFR outdoor BMP as follows.

Nonparametric approach:
(1) Sort customers by descending water savings. 
(2) Develop the production function with the x-axis being the 

cumulative percent accounts targeted and the y-axis being the 
cumulative percent water savings.

Monte Carlo simulation:
(1) Sort the output water-savings pdf in descending order and 

invert the x and y axes. 
(2) Develop the production function with the x axis being the 

cumulative percent accounts targeted and the y axis being the 
cumulative percent water savings.

Bivariate distribution
(1) Convert the continuous joint pdf into a discrete function 

and determine the expected value of total water savings for each 
discrete range using Eq 3.

one column �gure width on-line 20 picas
or 3.5 inches

Remove this information

two column �gure width 44 pica or 7.25 inches

FIGURE 5 Comparison of water-savings cdfs for GRU irrigators

 reducing application rate to y2 = 1 in./year

cdf—cumulative distribution function, GRU—Gainesville (Fla.) Regional 
Utilities, y2—fixed-target water-savings application rate, X—irrigable 
area, Y—application rate 
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Nonparametric
Bivariate lognormal
Bivariate exponential
Monte Carlo simulation (X ~lognormal,Y ~exponential)
Monte Carlo simulation (X ~exponential, Y ~lognormal)
Monte Carlo simulation (X ,Y ~exponential)
Monte Carlo simulation (X ,Y ~lognormal)

TABLE 1 Input parameters for bivariate exponential distribution  
of GRU irrigators

Variable Mean Standard Deviation

X—1,000 sq ft 12.31 11.31

Y—in./year 14.24 14.61

Correlation coefficient— –0.38

Parameter— 0.85

GRU—Gainesville (Fla.) Regional Utilities, X—irrigable area, Y—application rate
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(2) Sort each discrete range by descending water-savings rate 
and develop the water-savings performance function with the x 
axis being the cumulative percent accounts targeted and the y 
axis being the cumulative percent water savings.

The cumulative water-savings production functions for various 
water-savings probability distribution methods are compared in 
Figure 6. The normalized cumulative water-savings performance 
function of a given outdoor BMP with a specified target irrigable 
area and application rate can be approximated by an exponential 
function of the form:

   Qnorm = 1 – e–kn (13)

in which Qnorm = normalized cumulative water savings, k = rate 
constant; n = percent of total eligible irrigators targeted for BMP.

A simple optimization problem is solved to find the value of k 
that minimizes the mean squared error between the sorted data 
and the equation estimate. Best-fit production function rate con-
stants (k) for varying assumed probability distributions for GRU 
irrigators reducing their application rates to y2 = 1 in./year are 
shown in Figure 6. The fit is very good, with R2 values above 
0.99. All estimated production functions resulted in higher k 
values compared with the function derived from direct data, with 
the bivariate exponentials having the most deviation.

With the use of this framework, it is easy to generate rate con-
stants for numerous BMP options by simply altering the target 
application rate for each BMP. For example, an appropriate 
target application of 25 in./year was selected based on local cli-
matic conditions to evaluate the effectiveness of soil moisture 
sensors in GRU (Friedman et al, 2013). This framework can eas-
ily be extended to any utility given appropriate selection and use 
of one of the seven formulations presented in this article. The 
most parsimonious approach is to simply use the rate constant k 
= 3.65 from the nonparametric analysis for the GRU benchmark 
analysis in this article. However, this rate constant applies only 
to the special case in which y2 = 1 in./year, and is based on GRU-
specific characteristics. Rate constants need to be recalculated for 
BMPs with differing target application rates.

SUMMARY AND CONCLUSIONS
This article gives a systematic procedure to quantify savings 

potential of SFR irrigation demand management strategies. With 
a sufficient sample of irrigators, a nonparametric data-driven 
approach can be used that evaluates current irrigation practices, 

irrigable area, and irrigation application rate for each single-
family residence based on parcel-level tax assessor’s data linked 
to customer-level monthly water billing data. Water savings are 
calculated directly as the difference between current and proposed 
use after implementation of a management option for each group. 
This information is used to develop performance functions that 
estimate total water savings as a function of number of imple-
mentations for each group. This procedure allows demand man-
agement options to be compared directly with other supply 
augmentation options when determining the optimal blend. Six 
parametric models were derived from benchmark parcel-level 
datasets, for a generalized utility where direct measurements are 
unavailable. Using either exponential or lognormal marginal pdfs 
along with the Spearman’s rank order correlation coefficient 
provided reasonable predictions as compared with the nonpara-
metric approach. Future work includes further investigating the 
nature of irrigation variability among individuals as well as 
utilities to develop stronger predictive models that include factors 
such as price signals and irrigation restrictions.
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TABLE 2 Input parameters for bivariate lognormal distribution 
of GRU irrigators

Variable Mean Standard Deviation

ln x—1,000 sq ft 2.24 0.69

ln y—in./year 2.18 1.02

Correlation coefficient of ln x and ln y—                    –0.38

GRU—Gainesville (Fla.) Regional Utilities, x—irrigable area, y—application rate
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